
Îëèìïèàäà

øêîëüíèêîâ ïî ìàòåìàòèêå

¾ÒÈÈÌ-2022¿

Çàêëþ÷èòåëüíûé òóð

13 ìàðòà 2022 ãîäà

9 êëàññ

▷ 1. Ïóñòü an =

√
2022 +

√
2022 +

√
2022 + ...+

√
2022.

×èñëî 2022 âñòðå÷àåòñÿ â çàïèñè an n ðàç. Íàéäèòå öåëóþ ÷àñòü ÷èñëà a2022.

Ðåøåíèå:

1936 = 442 < 2022 < 452 = 2025

44 <
√
2022 < 45

452 < 2066 < 2022 +
√
2022 < 2067 < 462 = 2116

[a2] = 45

45 < a3 =
√
2022 + a2 < 46

[a3] = 45

...

[a2022] = 45

Îòâåò: 45.

▷ 2. Íàéòè öåëî÷èñëåííóþ ôóíêöèþ A(µ), óäîâëåòâîðÿþùóþ óñëîâèÿì:
A(1) = 1; αβ = A(α+ β)−A(α)−A(β).

Ðåøåíèå: Ëþáîå öåëîå ÷èñëî ìîæíî âûðàçèòü ÷åðåç ôóíêöèþ A(µ). Â ñàìîì
äåëå, ïðè β = 1 èìååì:

α = A(α+ 1)−A(α)−A(1).

Ó÷èòûâàÿ, ÷òî A(1) = 1, èìååì:

α+ 1 = A(α+ 1)−A(α)

Çàìåíÿÿ α = µ− 1, ïîëó÷àåì:

µ = A(µ)−A(µ− 1).

Ïîëàãàÿ µ = 2, 3, ..., α, ïîëó÷èì:

2 = A(2)−A(1)

3 = A(3)−A(2)

.....

.....

α = A(α)−A(α− 1)

Ñëîæèâ ïî÷ëåííî, ïîëó÷èì:

A(α) = 1 + 2 + 3 + ...+ α =
α(α+ 1)

2

Ýòî óñëîâèå ÿâëÿåòñÿ íåîáõîäèìûì. Îíî æå è äîñòàòî÷íî.
Ïîëîæèâ â âûðàæåíèè

A(α+ β)−A(α)−A(β)

A(µ) =
µ(µ+ 1)

2
,

ïîëó÷èì (ïîñëå ïðåîáðàçîâàíèé)

(α+ β)(α+ β + 1)

2
− α(α+ 1)

2
− β(β + 1)

2
= αβ.

Ñëåäîâàòåëüíî,

A(µ) =
µ(µ+ 1)

2
.

▷ 3. Íàéòè ñóììó âñåõ öåëûõ ðåøåíèé íåðàâåíñòâà x4 ≤ 2x2+400...0︸ ︷︷ ︸
50

x+99...9︸ ︷︷ ︸
100

.

Ðåøåíèå:

x4 + 2x2 + 1 ≤ 4x2 + 4 · 1050x+ 10100

(x2 + 1)2 − (2x+ 1050)2 ≤ 0

(x2 − 2x− 99...9︸ ︷︷ ︸
50

)(x2 + 2x+ 1050 + 1) ≤ 0

(x− 1 0...0︸︷︷︸
24

1)(x+ 99...9︸ ︷︷ ︸
25

) ≤ 0

x ∈

− 99...9︸ ︷︷ ︸
25

; 1 0...0︸︷︷︸
24

1





S = 10...0︸︷︷︸
25

+10...0︸︷︷︸
24

1 = 2 0...0︸︷︷︸
24

1

Îòâåò: 2 0...0︸︷︷︸
24

1.

▷ 4. Îòëè÷íûå îò íóëÿ ÷èñëà
a0, a1, a2, ..., a2022; b0, b1, b2, ..., b2022; c0, c1, c2, ..., c2022
òàêîâû, ÷òî äëÿ ëþáûõ äåéñòâèòåëüíûõ x ñïðàâåäëèâû ðàâåíñòâà
(a1x+ b1)

2 + ...+ (a2022x+ b2022)
2 = (a0x+ b0)

2,
(a1x+ c1)

2 + ...+ (a2022x+ c2022)
2 = (a0x+ c0)

2.
×åìó ðàâíà ñóììà êâàäðàòîâ (c1x+ b1)

2 + ...+ (c2022x+ b2022)
2?

Ðåøåíèå: Äîêàæåì, ÷òî òðåáóåìàÿ ñóììà ðàâíà (c0x+ b0)
2

Ïîäñòàâèâ x = − b0
a0

â ïåðâîå òîæäåñòâî, ïîëó÷èì

2022∑
i=1

(
−aib0

a0
+ bi

)2

= 0,

îòêóäà bi =
aib0
a0

äëÿ ëþáîãî i = 1, ..., 2022.
Àíàëîãè÷íî ïðè x = − c0

a0
èç âòîðîãî òîæäåñòâà ïîëó÷àåì ci =

aic0
a0

äëÿ ëþáîãî
i = 1, ..., 2022
Ïîýòîìó

2022∑
i=1

(cix+ bi)
2
=

2022∑
i=1

(
aic0
a0

x+
aib0
a0

)2

=

∑2022
i=1 a2i
a20

(c0x+ b0)
2,

à ïîñêîëüêó ïðè x = 1− b0
a0

ïåðâîå òîæäåñòâî äàåò ðàâåíñòâî
∑2022

i=1 a2i = a20, òî

2022∑
i=1

(cix+ bi)
2
= (c0x+ b0)

2,

÷òî è òðåáîâàëîñü äîêàçàòü.

▷ 5. Ìíîæåñòâî âñåõ íàòóðàëüíûõ ÷èñåë îò 1 äî 2022 ðàçáèòü à) íà äâå ãðóïïû
ñ ðàâíûìè ñóììàìè; á) íà òðè ãðóïïû ñ ðàâíûìè ñóììàìè.

Ðåøåíèå:
1 + ...+ 2022

2
· 2022 = 1011 · 2023

Ñóììà íå÷åòíàÿ, ñëåäîâàòåëüíî, íà 2 íå äåëèòñÿ. Ïóíêò à) íåëüçÿ ðàçáèòü
á) ïðèâîäèì ïðèìåð S1 + S2 + S3 = 1011 · 2023 = 3 · 337 · 2023

1, ..., 337︸ ︷︷ ︸
S1

, 338, ..., 674︸ ︷︷ ︸
S2

, 675, ..., 1348︸ ︷︷ ︸
S3

, 1349, ..., 1685︸ ︷︷ ︸
S2

, 1686, ..., 2022︸ ︷︷ ︸
S1

S1 = 1+337
2 · 337 + 1686+2022

2 · 337 = 337
2 (1 + 337 + 1686 + 2022) = 337 · 2023

S2 = 338+674
2 · 337 + 1349+1685

2 · 337 = 337
2 (338 + 674 + 1349 + 1685) = 337 · 2023

S3 = 675+1348
2 · 674 = 337 · 2023

▷ 6. Èãðà íà÷èíàåòñÿ ñ ÷èñëà 2. Çà õîä ðàçðåøàåòñÿ ïðèáàâèòü ê èìåþùåìóñÿ
÷èñëó ëþáîå íàòóðàëüíîå ÷èñëî ìåíüøå åãî. Âûèãðàåò òîò, êòî ïîëó÷èò 2022.
Êòî ïîáåäèò ïðè ïðàâèëüíîé èãðå, åñëè èãðàþò äâîå?

Ðåøåíèå: Ïðè ëþáîé èãðå âòîðîãî èãðîêà ïåðâûé âûèãðàåò. Ñòðàòåãèÿ:

×èñëî íà äîñêå Õîä ïåðâîãî ×èñëî íà äîñêå Õîä âòîðîãî

2 1 3 1x2
3+x 2y=4-x3 7 1x6
7+õ 2y=8-x7 15 1x14
15+õ 2y=16-x15 31 1x30
31+õ 2y=32-x31 63 1x62
63+õ 1y=63-x62 126 1x125
126+õ 1y=126-x125 252 1x251
252+õ 2y=253-x252 505 1x504
505+õ 2y=506-x505 1011 1x1010
1011+õ 1y=1011-x1010 2022

▷ 7. Ïóñòü a, b, c è d � ïîëîæèòåëüíûå ðàöèîíàëüíûå ÷èñëà. Äîêàçàòü, ÷òî ñó-
ùåñòâóåò òðåóãîëüíèê, äëèíû ñòîðîí êîòîðîãî ðàâíû

√
b2 + c2,

√
a2 + c2 + d2 + 2cd,√

a2 + b2 + d2 + 2ab, è åãî ïëîùàäü âûðàæàåòñÿ ðàöèîíàëüíûì ÷èñëîì.

Ðåøåíèå:

S△ = (a+ b)(c+ d)− 1

2
[a(c+ d) + bc+ (a+ b)d] =

1

2
(ac+ bc+ bd)

▷ 8. Íàéäèòå âñå òàêèå ïàðû êâàäðàòíûõ òð¼õ÷ëåíîâ x2+ax+ b è x2+ cx+d,
÷òî êîðíè âòîðîãî òð¼õ÷ëåíà � ÷èñëà a è b, à êîðíè ïåðâîãî òð¼õ÷ëåíà � ÷èñëà
c è d.



Ðåøåíèå: ×èñëà a, b, c, d äîëæíû, ñîãëàñíî òåîðåìå Âèåòà, óäîâëåòâîðÿòü
ñèñòåìå óðàâíåíèé 

c+ d = −a;

cd = b;

a+ b = −c;

ab = d.

Èç ïåðâîãî è òðåòüåãî óðàâíåíèé ïîëó÷àåì ðàâåíñòâî b = d. Åñëè ïðè ýòîì
b = d = 0, òî ÷èñëà a è c ìîãóò áûòü ëþáûìè, óäîâëåòâîðÿþùèìè ðàâåíñòâó
c = −a. Ïîýòîìó êàæäûé òð¼õ÷ëåí âèäà x2 + ax ñîñòàâëÿåò âìåñòå ñ òð¼õ÷ëå-
íîì x2 − ax òðåáóåìóþ ïàðó. Åñëè æå b = d ̸= 0, òî, ïîëó÷èâ èç âòîðîãî è
÷åòâ¼ðòîãî óðàâíåíèé a = c = 1, èç ïåðâîãî è òðåòüåãî íàõîäèì b = d = −2.
Ñëåäîâàòåëüíî, òð¼õ÷ëåí x2 + x− 2 ñîñòàâëÿåò âìåñòå ñ ðàâíûì åìó åù¼ îäíó
ïàðó òð¼õ÷ëåíîâ, óäîâëåòâîðÿþùóþ óñëîâèÿì çàäà÷è.

▷ 9. Äîêàçàòü, ÷òî â ëþáîì ìíîãîóãîëüíèêå åñòü ïî êðàéíåé ìåðå äâå ñòîðîíû
a è b, òàêèå ÷òî 1 ⩽ b

a < 2.

Ðåøåíèå: Ïóñòü äëèíû ñòîðîí ìíîãîóãîëüíèêà â ïîðÿäêå óáûâàíèÿ (íî íå
îáÿçàòåëüíî â ïîðÿäêå îáõîäà) ðàâíû a1, a2, ..., an, a1 ⩾ a2 ⩾ ... ⩾ an.
Ïðåäïîëîæèì, ÷òî ai

ai+1
⩾ 2 ïðè âñåõ i = 1, 2, ..., n− 1.

Òîãäà

a2 ⩽
1

2
a1, a1 ⩽

1

22
a1, ..., an ⩽

1

2n−1
a1

è

⩽ a1

(
1

2
+

1

4
+ ...+

1

2n−1

)
< a1,

÷åãî íå ìîæåò áûòü.

▷ 10. ×èñëî S(N) åñòü ñóììà öèôð ÷èñëà N . Ïóñòü a = S(20222022), b = S(a).
×åìó ðàâíî c = S(b)?

Ðåøåíèå:

20222022 < (211)2022 = 222242 = 23·7414 = 87414 < 107414

7414 < 8000︸︷︷︸
êîëè÷åñòâî öèôð

a < 72000

b ⩽ S(69999) = 42

c ⩽ 12

(2022)2022 = (2025− 3)2022 = 9n+ 32022 = 9mc
...9

c ⩽ 12
⇒ c = 9

Îòâåò: c = 9


